Abstract. We show that the existence of a Fredholm element of the zero calculus of pseudodi¤erential operators on a compact manifold with boundary with a given elliptic symbol is determined, up to stability, by the vanishing of the Atiyah-Bott obstruction. It follows that, up to small deformations and stability, the same symbols have Fredholm realizations in the zero calculus, in the scattering calculus, and in the transmission calculus of Boutet de Monvel.
Introduction
Consider a compact manifold with boundary, X , or more generally a fibration
with typical fibre X . To a symbol a A C y À S Ã ðM=BÞ; homðE; F Þ Á for vector bundles E, F over M, one can associate, after a little 'preparation' various choices of families of pseudodi¤erential operators with symbol a. In particular, we may consider operators of 'zero' type in C 0 0 ðM=B; E; F Þ or of 'scattering' type in C 0 sc ðM=B; E; F Þ, or of 'transmission' type in Boutet de Monvel's algebra C 0 Tr ðM=B; E; F Þ. In these, and other, cases we can seek the conditions on a under which it has a realization, in the corresponding sense, which is Fredholm on the natural L 2 -spaces. The primary condition is always symbolic ellipticity, that a À1 A C y À S Ã ðM=BÞ; homðF ; EÞ Á should exist. For the three 'quantization procedures' mentioned above such a Fredholm realization of an elliptic symbol exists if and only if the K-class associated to the symbol, in terms of absolute K-theory with compact supports, lies in the image of the K-theory supported in the interior
This is established here for the zero calculus (as introduced in [15] , [17] ) by computing Ktheory invariants of the algebra. For the scattering calculus it is shown in [26] and for the transmission case already in essence by Boutet de Monvel in [6] (see also the much more recent work by Melo, Nest, and Schrohe [19] and Melo, Schick, and Schrohe [20] ); this in turn is an extension of the results of Atiyah and Bott [3] .
The elements of the Lie algebra, VðX Þ, of smooth vector fields on a compact manifold with boundary act on C y ðX Þ. If 0 < n A C y ðX ; WÞ is a smooth density and dðV Þ A C y ðX Þ is the divergence of V with respect to n then
where n v A C y ðqX Þ is the normal component of V at qZ computed with respect to a density 0 < n 0 A C y ðqX ; WÞ. Thus, in order to get an action of the associated enveloping algebra, one needs either to add boundary conditions, as in the transmission algebra, or restrict to elements V A V b ðX Þ H VðX Þ of the Lie algebra of vector fields tangent to the boundary for which n V ¼ 0. In all of these cases there is a well-defined algebra of pseudodi¤erential operators, denoted C Z S ðX Þ, for the 'structures' S ¼ b, 0, sc, cu, c-b, c-cu, y which includes the corresponding enveloping algebra.
Since the operators of order zero act on C y ðX Þ as a Ã-algebra and extend to bounded operators on L 2 ðX Þ the C Ã -closure exists
so the K-theory of this, and related algebras, is defined. In all cases
the space of smoothing operators with kernels vanishing to infinite order at the boundary, is an ideal. It has closure K, the ideal of compact operators and so leads to the sequence
and the associated 6-term exact 'index sequence' in K-theory.
It is also possible to construct a smooth version of K-theory, without passing to the C Ã -closure, giving however essentially the same result (see §2.3). In some cases this is a little delicate since these algebras may not admit the functional calculus, in particular this is the case for the 'regular singular' algebras corresponding to S ¼ b, 0, c-b, y. Nevertheless we may define a 'geometric' replacement for K 1 ðA 0 S Þ as in [26] , which we denote K 0 S ðX Þ and more generally K 0 S ðM=BÞ in the case of a fibration (1) and, as necessary, possessing fibrewise structure S. This K-group is identified as the stable homotopy classes, up to bundle isomorphism, of the elliptic and Fredholm elements of the modules C 0 S ðM=B; E; F Þ acting between sections of vector bundles. The analytic index for families then becomes a homomorphism
Again in all the cases listed above (and others) there is a 'symbolically trivial' ideal
which contains non-compact operators, and a corresponding smooth K-group, K 0 Ày; S ðM=BÞ, corresponding to Fredholm operators of the form Id þ A, A A C Ày S ðX Þ. The short exact sequence of algebras
with image the star algebra for symbols in terms of a quantization map, induces a 6-term exact sequence in the smooth K-theory:
although it should be emphasized that we do not construct a general theory from which this follows.
In terms of K-theory, the algebras again determine two extreme cases which we call the universal (for symbols) case and the geometric case, with all others 'intermediate'. The universal cases are characterized by the fact that the 6-term exact sequence above decouples into two short exact sequences
, see Corollary 3.2 below). The cusp and b structures are universal.
The second extreme case is characterized by ð4Þ S is geometric , the 6-term exact sequence (3) reduces to the geometric sequence: geometric.
This is the main technical result of this paper, it answers the question posed by the title for the zero calculus in the form: 
That is, a can be (stably) trivialized over the boundary.
In the universal case as opposed to the geometric cases there is no restriction on the symbol other than invertibility (hence the name).
The 'intermediate' case S ¼ c-cu for c a non-trivial fibration of the boundary (so both fibre and base having positive dimension) is discussed in [26] . Using an 'adiabatic limit' construction it will be shown in a subsequent paper that there are natural isomorphisms
CðBÞ Á where the KK-functor (linear over KðBÞ) is applied to the continuous functions on M which are fibre constant for c. The boundary maps for the 6-term sequence then reduce to versions of the Atiyah-Singer index map for the fibration of the boundary.
Before detailing the various sections of this paper, we mention some related literature. The article [7] was released shortly after the first version of this article and continues previous work of Lauter [12] regarding the C Ã -algebras generated by operators in the zero calculus on a single manifold. In it, Ditsche computes the K-theory of the corresponding Calkin algebra. We show that this computation is equivalent to ours in §2.3 in the case of a single manifold, though for a family of manifolds one would have to consider a KK group as explained in [26] .
The approach of Savin in [28] deals with manifolds with non-trivial fibrations at the boundary. He shows that groups of elliptic operators, similar to those we study here, are isomorphic to the K-homology of the stratified manifold resulting from collapsing the fibration. In the geometric case treated here, Savin recovers the classical Atiyah-Bott obstruction as the obstruction to the existence of elliptic boundary conditions of LopatinskiiSchapiro type.
Finally, we also mention [29] where an extension of the transmission algebra is described so as to allow arbitrary elliptic operators to be quantized as Fredholm operators. This approach is extended in [30] to remove the transmission condition on the principal symbol and in [31] to allow for a non-trivial fibration at the boundary.
After briefly recalling the properties of the zero calculus in §1, smooth K-theory is defined in §2, and in §3 we discuss the relation between the b and cusp calculi, both to review the universality, in the sense discussed above, of their K-theory and to establish the closely related issue of the (weak) contractibility of certain groups and semigroups. Then, in §4, this contractibility is used to identify K 0 Ày; 0 ðM=BÞ. The six term exact sequence and the identification of the group K 0 0 ðM=BÞ is carried out in §5. In the final section the approach of Boutet de Monvel is reviewed and compared to the scattering and zero calculi. The analogue of Proposition 3 holds for the transmission algebra, and corresponds to the obstruction to the existence of local boundary conditions found by Atiyah and Bott, and we show that the various lifts to K 0 ðT Ã M=B; T Ã qM M=BÞ are consistent, i.e., they yield the same index.
We are happy to acknowledge the helpful comments of the referee of this paper.
1. Operators 1.1. Zero calculus. The zero calculus was defined and developed in [15] , [17] , [16] , [12] . In this section we briefly recall the definitions and particularly those facts about the reduced normal operator that we need below.
The space of 0-vector fields is defined on any manifold with boundary by (2) . In local coordinates, x, z i where x is a boundary defining function, and z i are coordinates along the boundary, V 0 is locally spanned by xq x , xq z i . Zero di¤erential operators are elements of the enveloping algebra of V 0 and therefore are locally of the form P jþjajek a j; a ðx; zÞðxq x Þ j ðxq z Þ a with arbitrary smooth coe‰cients. Such di¤erential operators are contained in the algebra of zero pseudodi¤erential operators. In the references above the latter are identified as a space of conormal distributions on a suitable modification of the double space X 2 (the zero stretched double space X 2 0 ).
The space of zero pseudodi¤erential operators of order k acting between sections of the vector bundles E and F is denoted C k 0 ðX ; E; F Þ. There are two model operators. The first is the principal symbol which corresponds to the short exact sequence
The second is the normal operator which models the behavior at the boundary and corresponds to a short exact sequence
Here,G G ! qX is a fibration of compact manifolds which arises geometrically as the front face of the stretched double space; it is discussed more extensively below. The fibres are closed quarter spheres which combine to give a compactification of the bundle of (solvable) Lie groups over qX corresponding to the (canonical) 0-structure. The range space in (1.1), which we characterize in more detail below, consists of distributional sections of a bundle overG G which are smooth away from the identity section, where they have a classical conormal singularity, and which vanish to infinite order at the boundaries. The product is just the smooth family of convolution products, on the fibres, with 'inv' standing for this invariant, i.e. convolution, product.
These two symbol homomorphisms, taken together, are analogous to the principal symbol in the pseudodi¤erential calculus on a closed manifold. Thus, for instance, a pseudodi¤erential operator acting on the appropriate L 2 -space is compact precisely when both symbols vanish; it is Fredholm when both symbols are invertible. In the case of the convolution algebra on the solvable group, invertibility is in the sense of bounded operators on the natural Sobolev space and the inverse need not be of the same form. In preparation for other formulations of the normal operator we reinterpret the naturality of the zero structure and describe alternative constructions of the bundle of groups and C inv .
1.2. Model zero structure. Let V be a real vector space of dimension n and suppose that L þ H V 0 is a half-line in the dual, so
With V we may associate another vector space of the same dimensioñ
Thus,Ṽ V can be identified as the space of linear vector fields on V (sums of products of linear functions and constant vector fields) where the linear coe‰cients are in L. As such it is a solvable Lie algebra, more precisely if we choose a decomposition of
þ is spanned by x, the dual of the first factor, thenṼ V is spanned by xq x ; xq y i : ð1:4Þ
The span of the second class of vector fields is a subspace of dimension n À 1 which is welldefined as the center of the Lie algebraW W HṼ V : ð1:5Þ
The elements ofṼ V are clearly complete as vector fields on V so choosing a point p A V þ , i.e. where L þ > 0, then V þ has a Lie group structure with identity p and Lie algebraṼ V and this is the unique connected and simply connected group (up to isomorphism) with this Lie algebra. The centreW W integrates to a foliation of V þ over ð0; yÞ which has an induced multiplicative structure coming from the short exact sequence of Lie groups
i.e., G V ; L þ is a semidirect product. Choosing a 'normal element' inṼ V , complementary toW W and acting on it as the identity through the Lie bracket, fixes an image of ð0; yÞ in G V ; L þ and hence identifies all the fibres withW W as a vector space (rather than just an a‰ne space).
simply the radial compactification of the closure in V , gives a compact manifold independent of choices, since linear transformations preserving the boundary lift to be smooth on the compactification.
Applying these constructions to fibres of the tangent bundle to X over the boundary, with L þ being the positive part of the conormal line, gives a bundle of groups over qX . Note that the front face of the zero double space has interior isomorphic to the inwardpoint half of the tangent bundle to the boundary, with a canonical interior 'identity' section. Namely, the interior is canonically the inward-pointing part of the (projective) spherical normal bundle to the boundary of the diagonal. This consists of vectors ðv R ; v L Þ, lifted from left and right, modulo those tangent to the boundary of the diagonal-which are of the form ðv 0 ; v 0 Þ where v 0 is tangent to the boundary-and modulo the R þ action. It follows that if N is inward pointing then ðN; NÞ is a well-defined interior point of the front face. For this reason the bundle of group structures on the front face is well-defined. Note that to extend this natural identity point to an origin for each of the tangential fibres it is only necessary to choose a global inward-pointing vector field N since then the points ðtN; NÞ, t > 0, become origins of the abelian fibres.
1.3. Reduced normal operator, order CT. To understand the structure of the normal operator better we use the Fourier decomposition corresponding to the abelian fibres of the solvable Lie group to 'reduce' it to a parametrized family of operators on an interval. In the case of operators of order Ày this was carried out explicitly by Lauter, [12] , who characterized the range of the homomorphism to this reduced normal operator. In terms of the variables s, jhj,ĥ h in (1.7), Nðs; jhj;ĥ hÞ is an arbitrary smooth function which decays rapidly with all derivatives as s ! 0, s ! y and jhj ! y, except that there is special behavior at jhj ¼ 0 where it is, of course, a smooth function of h not just smooth in jhj andĥ h.
Let p be the projection S Ã qX ! qX , let ðy; hÞ denote a point in S Ã qX , and let ðt; r b Þ A ½À1; 1 Â R þ be coordinates in the b, cu-double space (r b ¼ 0 defines the b-front face). This family of b,c-operators has, in turn, three model operators, the interior symbol corresponding to the conormal singularity at the diagonal, an indicial family at the b-end, and a suspended family at the cusp end (see [21] , [18] In this way,
These operators act on the fibres of the radial part of the dual spaces to the abelian fibres in the compactified group. As in the smoothing case a key feature of the reduced normal operator is that the b-indicial family only depends on the parameters in qX and not on the fibre in S Ã qX . Although we do not give an explicit characterization of the range of (1.14) the following exact sequence su‰ces for our purposes. where the image space consists of the formal power series in h with the coe‰cient of h a being an arbitrary element of the space I k 0 Àjaj S ðI qX Þ of conormal distributions which are Schwartz at infinity and the null space is precisely the space of (b-)cusp operators of symbolic order Ày, vanishing to infinite order at the 'b-end' and of singularity order k at the cusp end (and in this sense arbitrary smooth sections of the bundle over S Ã qX ).
Proof. From the discussion above, the full b-indicial operator is given by the Taylor expansion of the kernel at r b ¼ 0:
e itx að0; y; x; r bĥ hÞ dx ð1:16Þ
(withĥ h A S Ã qX and h A T Ã qX ) hence has the form described in the theorem.
Conversely, any such formal power series can be asymptotically summed. Namely one can first get the symbol right, by taking Taylor series for the symbols, and then correcting the series for the smoothing terms. Thus the map is surjective. That is, given K a A I k 0 Àjaj S ðI qX Þ, we can find að0; y; x; hÞ as in (1.16) such that Ð and finally
Similarly, we define K 1 0 ðMÞ as consisting of the equivalence classes of elements in the suspended space (corresponding to based loops)
where E ¼ ðE; EÞ as a superbundle and the equivalence condition is a finite chain of relations (2.1), (2.2), (2.3) with bundle transformations and homotopies required to be the identity to infinite order at Gy.
Similarly, we define K 
K-theory sequence.
From the compatibility of these two definitions and the standard definition of (absolute) K-theory with compact supports it follows directly that there is a sequence of maps
which is shown below to be exact.
2.3. C * K-theory. It is perhaps not immediately apparent that the definitions above lead to groups, but this follows from the approximation properties discussed below. In fact these also show that K i 0 ðX Þ is closely related to the K-theory of the opposite parity of quotient of the C Ã -closure of the algebra C 0 0 ðX Þ by the compact operators. Although we will not use this below we discuss this connection in order to relate our results to those in the literature.
We start by fixing some notation, define 
where @ denotes homotopy. Indeed this will follow immediately from the following lemma of Atiyah. Remark. The proof of the lemma does not use that L is complete, only that it is a normed vector space over a complete field.
C n Þ=@ and fits into the short exact sequence
Proof. It is clear that every equivalence class in F 0 ðX ; C n Þ=@ has a representative from F 0 ðX ; C n Þ and Atiyah's lemma shows that elements of F 0 ðX ; C n Þ are homotopic in F 0 ðX ; C n Þ if and only if they are homotopic in F 0 ðX ; C n Þ. Thus the groups F 0 ðX ; C n Þ=@ and F 0 ðX ; C n Þ=@ are the same.
Exactness of the sequence follows from the fact that every non-compact manifold has a nowhere vanishing vector field (see e.g., [19] , Proposition 9, for a proof). In particular, for a Fredholm operator in C 0 0 ðX ; EÞ we always have E þ G E À . So by simultaneously stabilizing E þ and E À we see that every class in K 0 0 ðX Þ has a representative in F 0 ðX ; C n Þ and two representatives di¤er by a bundle isomorphism. Finally, the existence of a non-vanishing section also implies that the map K
and F is homotopic to the identity through Fredholm operators in C 0 0 ðX ; C n Þ then the principal symbol of any such homotopy evaluated at a nonvanishing section shows that F represents the identity in K
A similar statement is true for the odd smooth K-theory group, K 1 0 ðX Þ. Our computations hold more generally for families of operators acting on a fibration M ! B for which the analogue of the C Ã K-theory groups are the KðBÞ-linear KK groups mentioned in the introduction.
Relation between b and cusp calculi
In this section, we briefly review from [9] , [23] the relations between the b and cusp calculi. We establish that the K-theory of the b-calculus is universal as described in the introduction. For later use, we show that the group of invertible elements in the b, c calculus of order Ày vanishing to infinite order at the cusp end form a contractible semigroup.
Recall that, on any manifold with boundary, X , the Lie algebra of b-vector fields, V b , consists of those vector fields tangent to the boundary and in terms of local coordinates x, z i (x a boundary defining function) near the boundary is spanned by xq x , q z i . Similarly, for an admissible choice of x for the cusp structure, the Lie algebra of cusp vector fields, V cu ðX Þ is locally spanned by x 2 q x , q z i .
The (canonical) b-structure on a manifold with boundary X induces a cusp-structure onX X , a manifold di¤eomorphic to X but with the smooth structure enlarged to include the new boundary defining function
Thus a function f is smooth onX X if it is smooth in the interior and near the boundary is of the form
The identity mapX X ! X is then smooth, corresponding to the natural inclusion C y ðX Þ ! C y ðX X Þ but in the opposite direction the identity map is not smooth. In this sense,X X has 'more' smooth functions than X (although it is di¤eomorphic to it, it is not naturally so). Both the interiors and the boundaries of X andX X are canonically identified-the manifolds only di¤er in the manner in which the boundary is attached (cf. [9] , [8] , §2).
The induced relation between b and cusp di¤erential operators extends to a close relationship between the corresponding pseudodi¤erential operators. In fact, the functor X ! X lt (consisting of blowing-up all of the boundary faces logarithmically and then 'classically') takes the bstretched double space of X to the cusp-stretched double space ofX X , preserving composition [9] , §2.5-2.6, (4.4), §4.6. This leads to the following result, the first part of which is [22] , Prop. 26. The second part is just the observation that the lower order parts of the expansion of the kernel of an operator at the front face can be smoothly deformed away without changing the normal operator and preserving ellipticity. since the cusp calculus is 'universal' [26] , so is the b-calculus.
As in [25] we set respectively. An element of the former can be smoothly deformed to an element of the latter thanks to Proposition 3.1(ii).
In particular for an interval, we will also need the case of a manifold with disconnected boundary, say Proof. The proof of [25] 
Fredholm perturbations of the identity
In this section we identify the groups K Ã Ày; 0 ðM=BÞ with the topological K-theory groups of the cotangent bundle of the boundary.
We quickly review the relevant definitions in terms of the groups defined in (3.1). Recall that for any manifold, X , K 1 ðX Þ can be realized as stable homotopy classes of maps into GLðNÞ or more directly (see [25] , Prop. 3) in terms of a classifying space First, by adding the identity on a complementary bundle, we may stabilize E to C M for some large enough M without changing k. In fact k is determined by the normal operator of Id þ A, and hence its reduced normal operator, Id þ a. Here we have used the fact from (1.10) that near t ¼ 0 the b-indicial family is independent of the fibre variables of S Ã ðqX Þ and near t ¼ 1 it is, by construction, equal to the identity. Thus, the variable t can be interpreted as a compactified radial variable for T Ã ðqX Þ giving (4.6).
The condition that Id

This defines the desired map
which is to say that the K-class defined by g depends only on k and not the intermediate choices. As in [27] , Prop 5.19, the final class is independent of the trivialization of E and, since any two homotopies between sections of H Ày ðX ; C M Þ are themselves homotopic after stabilization, it is independent of the choice of a 0 . Also, note that the product of two such elements Id þ A, Id þ B is mapped to the product in K 0 c ðT Ã qMÞ since we can take the product of the homotopies. Now, it remains to show that (4.7) is an isomorphism. Surjectivity follows from the fact that every element in K 0 c ðT Ã qX Þ may be represented by a family gðtÞ which is of the form discussed above, so is an invertible family of indicial operators, independent of the fibre variables near t ¼ 0. From Proposition 1.1 this may be quantized to an elliptic b,c operator of the form Id þ a 0 ðtÞ (with a 0 ðtÞ trivial at the cusp end) reducing to the identity in t > 1 À . The index bundle of such a family (see the discussion below) is trivial, hence it may be perturbed by a smoothing family (depending on all variables) to be invertible and this may be chosen to be in the range of the reduced normal operator for t < . The result at t ¼ 0 corresponds to a fully elliptic operator Id þ A in the zero calculus and hence a class k mapping to the given g.
To see injectivity, consider a class k such that the construction above leads to a family (so for an appropriate choice of initial representative) which is homotopic to the identity, as a map on T Ã qX . Then after a small perturbation it can be arranged that this homotopy is a family of the form of g, thus there is a 2-parameter family of indicial operators gðt; sÞ on ½0; 1 2 with gðt; 0Þ the indicial family and gðt; sÞ independent of the fibre variables for s < and reducing to the identity if either s > 1 À or t > 1 À . Again from Proposition 1.1 there is no obstruction to 'quantizing' this to a family of reduced normal operators, for s < and to a family of b, c operators with more general dependence on S Ã qX in s > . Such a family a 0 ðt; sÞ may be chosen to be the identity where g is the identity and to reduce to the original homotopy at s ¼ 0. Now, as an elliptic family, it has a virtual index bundle over ½0; 1 2 Â S Ã qX . As a bundle this may be realized as the di¤erence of the null and conull bundles for a 0 ðt; sÞðId À PÞ where P is a finite rank self-adjoint smoothing operator with range in _ C C y ðIÞ and su‰ciently large rank. It follows that the index bundle is trivial and that the family may be made invertible by a similar perturbation. At t ¼ 0 this gives a homotopy within the range of the reduced normal operator to the identity. Thus the class k is trivial.
Although this proof is written out only in the case of a single manifold it is the dependence on the fibre variables in S Ã qX which is crucial and it carries over with only notational changes to the general setting of a fibration (1). The argument for the odd K-groups involves only the addition of a parameter. r
Six term exact sequence
We start out with a theorem very similar to [26] , Lemma 2.2, and to the Atiyah-Bott analysis of the index problem for boundary value problems [3] . We will exploit the similarity to [26] to identify a six-term exact sequence for the zero calculus with that of the scattering calculus. The symbol of A, sðAÞ, is a bundle isomorphism between E þ and E À over the zero cosphere bundle of the fibers of M=B. At the boundary, the inward normal fixes a section of this bundle so sðAÞ at this section may be used to identify E þ and E À at, and hence near, the boundary. Thus, sðAÞ may be taken to be the identity at this section.
The indicial family at the b-front face, being invertible, then gives a section of the isomorphism bundle of the lift of E to the whole of the compactified normal bundle to the boundary. By construction this section is the identity at the inward-pointing end and is consistent with the symbol at the outward-pointing end. So we may deform (within the b,c-calculus, not a priori within the range of the reduced normal operator) the b-indicial operator keeping the consistency with an elliptic symbol at the inward-pointing end until the b-indicial operator is the identity and the symbol is the identity near both inward-and outward-pointing normal sections. Now, from Proposition 1.2 this homotopy may be realized in the image of the reduced normal operators of the zero calculus, so there is an elliptic curve A t A C 0 0 ðM=B; EÞ with A 0 ¼ A and such that A 1 has full b-indicial operator equal to the identity. Initially this curve need not be fully elliptic, but the reduced normal family is fully elliptic. Again by standard index theory this can be modified to an invertible family, without change near t ¼ 0, by adding a term of order Ày with support in the interior of the interval. So, after this initial homotopy we conclude that K that is, trivial near the b-end. As explained in §3, after stabilization this group is (weakly) contractible. Thus in fact the reduced normal section may be (after stabilization) contracted to the identity section. As above, this family may be lifted to a fully elliptic homotopy of A to a family which is the identity near the boundary and in particular has reduced normal family equal to the identity. Now the isomorphism (5.1) is just the usual Atiyah-Singer isomorphism for the symbol. r i.e., if its Atiyah-Bott obstruction vanishes. In which case, after stabilization, there is a perturbation of order Ày that makes it invertible.
Relation to boundary value problems
Finally we relate the various approaches to quantization mentioned in the introduction: the scattering calculus, the zero calculus, elliptic boundary value problems as discussed by Atiyah and Bott, and the transmission algebra of Boutet de Monvel. We will confine ourselves to relating the approaches to the index problem, as a complete study of the relations between these various calculi is more involved.
6.1. Atiyah-Patodi-Singer versus local boundary conditions. We start by recalling the general context of elliptic boundary value problems, initially for a single di¤erential operator of first order. See for instance the exposition for the case of a single Dirac operator in [5] .
Given an elliptic first order operator P : C y ðX ; EÞ ! C y ðX ; F Þ on a compact manifold X with non-trivial boundary, its kernel is infinite dimensional and obtaining a Fredholm operator requires a restriction reducing this to a finite dimensional space. The Calderó n projector of P, P P , is the orthogonal projection onto the space of Cauchy data of P,
An elliptic boundary condition is a pseudodi¤erential operator of order zero taking values in some auxiliary bundle G, (ii) Ran
6.3. Boutet de Monvel transmission algebra. Boutet de Monvel [6] constructed an algebra of pseudodi¤erential which includes the generalized inverses of Lopatinskii-Schapiro elliptic boundary problems. A general element of the algebra acts between bundles E 1 , E 2 over X and bundles F 1 , F 2 over qX and is given by
where P is a pseudodi¤erential operator satisfying the transmission condition, P þ is its action on C y ðX ; E 1 Þ by extension-as-zero and restriction, G is a 'singular Green operator', K and T are potential and trace operators, and Q is a pseudodi¤erential operator on the boundary. A di¤erential operator P with local boundary condition can be realized as the operator P R ð6:2Þ in the Boutet de Monvel algebra.
We will say that A is elliptic if P is elliptic and fully elliptic if A defines a Fredholm operator on the natural Sobolev spaces. The Lopatinski-Schapiro conditions on R are equivalent to asking that (6.2) be fully elliptic. With each operator A as in (6.1) is associated a 'boundary symbol' which is a family of operators of Wiener-Hopf type. Ellipticity of P implies that this family is Fredholm and its index bundle is isomorphic to M þ [6] , p. 35. The operator A is fully elliptic if and only if it is elliptic and its boundary symbol is invertible.
By [6] , Theorem 5.14, an elliptic pseudodi¤erential operator P satisfying the transmission condition has a realization as a Fredholm operator A if and only if the Atiyah-Bott obstruction vanishes. Boutet de Monvel showed that any such fully elliptic operator is homotopic, through fully elliptic operators, to an element of the form
where, moreover, P 0 þ is equal to the identity in a neighborhood of the identity.
Melo, Schick, and Schrohe [20] , following work of Melo, Nest, and Schrohe [19] showed that the K-theory of the C Ã -closure of the symbol algebra in the Boutet de Monvel calculus, K Ã , gives a short exact sequence 6.4. Relationship to scattering and zero calculi. The similarities between the three calculi mentioned in the introduction is striking given the disparate motivations behind them. Whereas the Boutet de Monvel transmission algebra was constructed precisely to deal with boundary value problems, the zero and scattering calculus serve to model certain asymptotically regular, non-compact manifolds which admit a smooth compactification to manifolds with boundary. The zero calculus is used to model asymptotically hyperbolic geometries and the scattering, asymptotically Euclidean. Nevertheless, the relation between the fully elliptic elements of the calculi is very close. (1) There is a fully elliptic element of the transmission algebra
(2) There is a fully elliptic element of the zero calculus
There is a fully elliptic element of the scattering calculus P sc A C 0 sc ðX ; EÞ such that ½ sc sðP sc Þ ¼ p:
Furthermore, each such realization determines a lift of the class p to an element of K c ðT Ã X ; T qX X Þ, and the index is given by the Atiyah-Singer index theorem applied to the double of X .
Proof. The equivalence of ð1Þ, ð2Þ, and ð3Þ with ð4Þ has already been established: for ð1Þ this is [6] , Theorem 5.14, for ð2Þ this follows from [26] , (6.12), and for ð3Þ this was established in Proposition 5.3 above. For each of these elements of K c ðT Ã X Þ there are in fact many fully elliptic elements of each calculus with this fixed symbol. This is evident for the scattering calculus, and follows for Boutet de Monvel's calculus and the zero calculus from the existence of a homotopy to an operator whose symbol is the identity near the boundary (the homotopy of the symbol restricted to the boundary cosphere bundle defines an extension of the symbol).
The last part of the theorem follows from a version of [1] , Proposition 2.1. Set Proof. This follows directly from the analysis of the scattering case in [26] . Indeed, stable homotopy classes of elements in QðX ; qX Þ are precisely the classes in K 0 sc , so the existence follows from the isomorphism
Uniqueness follows from an argument of Atiyah. Any ða; bÞ A QðX ; qX Þ is stably homotopic to an element in Q Ã ðX Þ, i.e., there is an element ða 0 ; IdÞ A Q Ã ðX Þ with f ða 0 ; IdÞ ¼ 0 and a homotopy of ða; bÞ l ða 0 ; IdÞ to another ða 00 ; IdÞ A Q Ã ðX Þ, hence f ða; bÞ ¼ f À ða; bÞ l ða 0 ; IdÞ Á ¼ f ða 00 ; IdÞ ¼ ½a 00 : r 6.5. Di¤erential operators. Given a local elliptic boundary value problem of Lopatinskii-Schapiro type, ðP; BÞ, it follows from the discussion above that there is a Fredholm zero operator with the same interior symbol and index. In fact, if P is a di¤eren-tial operator of order k, then x k P is an elliptic zero-di¤erential operator whose interior symbol coincides with that of P. It is also possible to give an explicit example of a perturbation of order Ày to a fully elliptic operator corresponding to B. Proof. By assumption, P is an elliptic di¤erential operator between sections of E and F and B is a formal di¤erential operator at the boundary between sections of E and G. The normal symbol of P can be used to identify E and F near the boundary, so we can assume that E @ F near qX and that the normal symbol of P is the identity (for some choice of normal vector field). Then let pðxq x ; xĥ hÞ and bðxq x ; xĥ hÞ be the model operators obtained from the principal symbols frozen at the boundary. We shall show that the Lopatinskii-Schapiro condition is equivalent to the statement that if wðxÞ is a cuto¤ near The null space of pðq x ;ĥ hÞ is the same as that of pðxq x ; xĥ hÞ and the di¤erence between (6.3) and (6.6) is that there is an integral in (6.3), cut o¤ by w and with additional factors of x. It follows that (6.3) has an asymptotic expansion as e # 0 with leading term (with power determined by the orders, i.e., the powers of x) with coe‰cient just (6.6). Thus, for small e the form (6.3) is indeed non-degenerate. Inserting the approximate identities as in (6.4) gives a bilinear form converging to the previous one as d ! 0 so again this is nondegenerate, now for d > 0 small enough. The resulting operator a is then in the range of the reduced normal operator, e.g., its b-symbol is independent ofĥ h.
It follows that p
0 ap is an isomorphism where p and p 0 are the projections onto the null space of p and that of p Ã . An element in the null space of the operator p þ ea can be decomposed according to these projections, into u þ v with u in the null space of p and v orthogonal to it. Then it must satisfy ðp þ a 11 Þu 1 þ a 12 v ¼ 0; a 21 u þ a 22 v ¼ 0 ð6:7Þ where a ij is the 2 Â 2 decomposition of a with respect to these projections. By arrangement, a 22 is invertible so this reduces to À p þ eða 11 À a 12 a For e > 0 this has no solutions, by the invertibility of p as a map from the orthocomplement of its null space to its range. Thus the reduced normal operator is invertible and hence the operator is P þ A Fredholm.
Finally, recall from [1] that the isomorphism b þ , hence the quadratic form (6.6), determines the index and indeed the lift of the K-class of sðPÞ from KðT Ã X Þ to KðT Ã X ; T Ã qX Þ. Thus the index of x k P þ B is the same as that of ðP; BÞ. r
